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A X I S Y M M E T R I C A L  J E T  T O  T H E  

Y u .  P .  F i n a t ' e v  a n d  L .  A .  S h c h e r b a k o v  UDC 532.522 

An approx imat ion  of the boundary  of the je t  within the l i m i t s  of the f i r s t  " b a r r e l "  of the a r c  
of a n e l l i p s e  is  p roposed  (on the b a s i s  of ana lys i s  of s ch l i e r en -pho tog raphs  of the s t r e a m  in 
the range M a = 1 to 4.85, n = 1 to 103, ~4 = 1.3 to 1.67; /3 = 0 to 21~ The r e s u l t s  of c a l c u l a -  
t ions of the boundary  accord ing  to the p roposed  method a re  c o m p a r e d  with r e s u l t s  of c a l c u -  
la t ion by a method of c h a r a c t e r i s t i c s ,  and with expe r imen ta l  data.  

Eng inee r ing  p r a c t i c e  often encounters  p r o b l e m s  in which i t  i s  n e c e s s a r y  to de t e rmine  the pos i t ion  of 
the boundary  of a nonexpanded je t  r ap id ly  with suff ic ient  accu racy .  Simple a lgeb ra i c  r e l a t i ons  which a r e  
su i tab le  for  use in a wide range of va r i a t ion  of the p a r a m e t e r s  Ma, n, ~4, and fi a r e  n e c e s s a r y  for  this  p u r -  

pose .  

The use of the method of c h a r a c t e r i s t i c s  [1, 2] is  l im i t ed  owing to i ts  l a b o r i o u s n e s s ,  and the ex i s t ing  
app rox ima te  methods of ca lcu la t ing  the boundary  [3-5] a r e  e i the r  a c c u r a t e  within a n a r r o w  range  of v a r i a -  

t ion of the p a r a m e t e r s ,  or  r equ i r e  c u m b e r s o m e  ca lcu la t ions .  

An a t tempt  was made by a more  s imple  method to obtain a curve  which app rox ima te ly  r e p r e s e n t e d  the 
boundary  of the je t ,  in [4]. Here  it is  a s s u m e d  that  on the ini t ia l  p a r t  i ts  boundary  can be r e p r e s e n t e d  by 
the a r c  of a c i r c l e  which p a s s e s  through the exi t  sec t ion  of the nozzle  and the point of the max imum d i a m e t e r  
of the boundary .  The cen te r  of th is  a r c  i s  s i tua ted  on a no rma l  to the boundary  of the je t  at  the exi t  sec t ion  
of the nozzle .  However ,  as the expe r imen t  shows,  the cu rva tu re  of the boundary of the je t  v a r i e s  along i ts  
length and the re fo re  approx imat ion  of the boundary  of the je t  by the c i r c u l a r  a r c ,  as proposed  in [4], and 
a lso  in [3] can l ead  to cons ide rab le  e r r o r s ,  e s p e c i a l l y  in the case  of high va lues  n > 20. Ana lys i s  of s c h -  
l i e r e n - p h o t o g r a p h s  obtained on an expe r imen ta l  t e s t  r ig ,  which is d e s c r i b e d  in [6] showed that in the range 
M a = 1 to 4.85, n = 1 t o  103, ~4 = 1.3-1.67,  and fl = 0 to 21 ~ the boundary  of the je t  within the l i m i t s  of thb 
f i r s t  " b a r r e l "  can be app rox ima ted  by  the a r c  of the e l l i p se ;  i t s  axes ,  and a lso  the coord ina tes  of the cen te r  
a r e  r e p r e s e n t e d  in the fo rm of w r e l a t i onsh ips  by M a,  n, ~,  and /3 if the expe r imen ta l  data  for  the 
pos i t ion  and magnitude of the max imum d i a m e t e r  of the f i r s t  " b a r r e l "  obtained by the authors  a re  used.  

As the expe r imen t  has  shown in the case  of ~ =  1.3 to 1.67, and n = 1 to 103, the maximum d i a m e t e r  
of the je t  d e c r e a s e s  with an i n c r e a s e  in the t e m p e r a t u r e  T o [6], but ,  s t a r t i ng  with T o = 600~ this d e c r e a s e  
s lows down, and a fu r the r  i n c r e a s e  of T o up to 700 to 750~ does not l ead  to a not iceable  va r i a t i on  of the 
max imum d i a m e t e r .  This  evident ly  a s s o c i a t e d  with a d e c r e a s e  in the influence of condensat ion in the je t ,  
and at low values  of n i t  d i s a p p e a r s  comple te ly .  The e xpe r i m e n t  did not show a not iceable  influence of Ma 
on the maximum d i a m e t e r ;  the main f ac to r s  which de te rmine  i ts  magni tude a re  ~,  n, and ft. F o r  hea ted  
j e t s  (T O = 700-750~ the expe r imen t a l  data for  the r e l a t i ve  max imum d i a m e t e r  a r e  e x p r e s s e d  by two r e -  

1 a t ionships :  

for  n -< 20 

Dma x = _ 1 . 3  n0.45; 
d~ ~ (cos ~)~ (1) 
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fo r  n > 20 

Dma x __ 2 n~ (2) 
da • (cos ~)~ 

The distance from the exit section of the nozzle to the maximum of the first "barrel" can be deter- 

mined from the empirical ratio 

Lma x = (0.75 4 0.85) x 0 .~ 0.8X0 (3) 

o r  in  d i m e n s i o n l e s s  m a g n i t u d e s ,  u s i n g  the r e l a t i o n s h i p  wh ich  c h a r a c t e r i z e s  the  p o s i t i o n  of the  c e n t r a l  shock  

[61: 

Lmax 
2 

= 2 , 6  -~.2 m ~  n~ (4) 
d a Ma + 1 

Now the p r o b l e m  of c o n s t r u c t i n g  the b o u n d a r y  of the j e t  i s  r e d u c e d  to the  c o n s t r u c t i o n  of the  a r c  of the  
e l l i p s e  which  p a s s e s  t h r o u g h  2 po in t s :  1) r = r a ,  x = 0, 2) r = r m a x ,  x = L m a  x ,  in which  at  the  f i r s t  po in t  
the  a r c  i s  in  c o n t a c t  wi th  a l ine  which  d e t e r m i n e s  the ex i t  ang le  of the j e t  on the  ex i t  s e c t i o n  of the  n o z z l e ,  
and  at  the s e c o n d  po in t  i t  i s  in c o n t a c t  wi th  a l i ne  p a r a l l e l  to the  ax i s  of  s y m m e t r y  of the j e t .  

I f  t h r e e - d i m e n s i o n a l  e f f e c t s  a r e  n e g l e c t e d ,  the ang le  of i n c l i n a t i o n  of the  f low on the ex i t  s e c t i o n  of 
the  n o z z l e  f r o m  the d i r e c t i o n  of the  c e n t e r  l ine  of the  j e t  can  be  d e t e r m i n e d  b y  the known r e l a t i o n s h i p s  
d e r i v e d  fo r  a p lane  f low ( see ,  fo r  e x a m p l e ,  [7]), in which  the c a l c u l a t i o n s  a g r e e  we l l  wi th  the e x p e r i m e n t  
fo r  a x i s y m m e t r i c a l  j e t s .  

In the  c o n v e r t e d  f o r m  the f o r m u l a  fo r  d e t e r m i n i n g  5 i s  w r i t t e n  

•  1 1 - -arcs in_ / -  •  M ~ - -  1 \ 

2 n-~Z l - v - -  Ma 2 1 +  x - - 1  2 " ) ' 2 2 Ma 

-, / -~- - -~ l / /a rc  sin /'/'1 - -  - -  6 :  ,/  _lt ' ]/ 

+ arcsin..  / 
/ z - - 1  1 1 

-z-1  •  362 - - i  (5) 2 ~ 1 + _ _ 2 _ _  o 

where  fi is  the hal f  angle of the nozz le  cone.  

The equa t ion  of the b o u n d a r y  of the j e t  m u s t  be  l o o k e d  fo r  in the f o r m  

(x- -  my ( Y -  l) ~ 
a~ + b2 -- t 

o r  

7 = 1 / / b  2 - -  b2 ( x - - m )  z + l, (6) 

w h e r e  

X X -- F 
t" a r a 

Hence  on ly  the p o s i t i v e  v a l u e s  of the r o o t  in  equa t ion  (6) a r e  t a k e n  into  c o n s i d e r a t i o n .  The  o r i g i n  on 
the  c o o r d i n a t e s  i s  l o c a t e d  on the ax i s  of the n o z z l e  in the  p l ane  of i t s  ex i t  s ec t i on ;  the  ax i s  x c o r r e s p o n d s  
wi th  the  ax i s  of s y m m e t r y  of  the  j e t .  

In  o r d e r  to c a l c u l a t e  the  p a r a m e t e r s  a ,  b ,  m,  l ,  fou r  c ond i t i ons  a r e  u s e d  

I ) ~ = O ;  ~ t g 6  

I1) x =Xma• r = rm~ x i" 

l i d  x=Xma~; ~ = 0  
dx 

IV)~=0; ? = 1  J 

(7) 
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F i g .  1. C o m p a r i s o n  of c a l c u l a t i o n s  of the  b o u n d a r y  of 
the je t :  a) a c c o r d i n g  to the p r o p o s e d  m e t h o d  wi th  c a l c u l a -  
t i o n s  b y  a me thod  of c h a r a c t e r i s t i c s  [1]; b) b y  a m e t h o d  
of  c h a r a c t e r i s t i c s  [2] fo r  M a = 2, ~ = 1.25, /~ = 0; and c) 
wi th  the  e x p e r i m e n t a l  da t a  of the  a u t h o r s  (the s o l i d  c u r v e s  
show the p r o p o s e d  m e t h o d ,  the  b r o k e n  l i n e s  show the 
m e t h o d  of c h a r a c t e r i s t i c s ,  and the do t s  show the e x p e r i -  
m e n t a l  data) :  a) 1) M a = 2; n = 1.15; n = 56.5; /3 = 0; 2) 
2; 1.15; 56.5; 15~ 3) 5; 1.15; 41.6; 15~ 4) 3.1; 1.25; 62.9; 
/3 = 0; 5) 3.0; 1.15; 62.9; fl = 0; b) 1) n = 500; 2) 50; 3) 30; 
4) 5; c) 1) M a = 3.35; n = 1.4; n = 70; fl = 8~ 2) 2.175; 1.67; 
367; 8~ 3) 4.85; 1.67; 43; 8~ 4) 2.62; 1.67; 246; 21~ 5) 1.97; 
1.3; 68; 8 ~ . 

As  a r e s u l t  of s i m p l e  c a l c u l a t i o n s  i t  i s  p o s s i b l e  to obta in:  

m = Xm=~, (8) 

b 2 tg 6 
- -  A ,  (9) 

a 2 Xraax 

l = 1 - - a ,  (10) 

b = rmo~ - -  1 + A,  (11 )  

w h e r e  

The m a g n i t u d e s  r m a  x 
(4). 

A --  (rmax - -  1)~ �9 
Xma x tg 6 - -  2 (rm= ~ - -  1) 

= r m a x / r  a and  Xma x = L m a x / r  a a r e  e a s i l y  d e t e r m i n e d  f r o m  the r a t i o s  (1), (2), and 

The  r e l a t i o n s  (9)-(11) have  m e a n i n g  when A > 0 o r  X m a x t a n  5 > 2 ( r m a x -  1), wh ich  i s  f u l f i l l ed  fo r  the  
o v e r w h e l m i n g  m a j o r i t y  of c a s e s .  

U s i n g  the v a l u e s  a ,  b ,  l ,  m ,  c a l c u l a t e d  a c c o r d i n g  to the r e l a t i o n s h i p s  (8)-(11) the b o u n d a r y  of the  j e t  
c an  b e  b u i l t  up g r a p h i c a l l y  in  the  f o r m  of the  a r c  of an e l l i p s e .  In F i g .  l a  and b the r e s u l t s  of c a l c u l a t i o n s  
b a s e d  on the p r o p o s e d  m e t h o d  a r e  c o m p a r e d  wi th  c a l c u l a t i o n s  b a s e d  on a m e t h o d  of c h a r a c t e r i s t i c s  [1], and 
[2], and  in F ig .  l c  t hey  a r e  c o m p a r e d  wi th  e x p e r i m e n t a l  da ta .  Somewha t  h i g h e r  v a l u e s  of the r a d i u s  of the  
j e t  in [1] a r e  e v i d e n t l y  e x p l a i n e d  b y  the f ac t  tha t  h e r e  the  c a l c u l a t i o n  was  c a r r i e d  out wi thout  t a k i n g  into a c -  
count  the  shock  wave  (the " t r a i l i n g "  shock ) ,  wh ich  a r i s e s  in  the j e t .  

C o m p a r i s o n  of c a l c u l a t i o n s  of the b o u n d a r y  a c c o r d i n g  to the  p r o p o s e d  m e t h o d  wi th  the  r e s u l t s  of the 
e x p e r i m e n t  in  the  c a s e  of ~ = 1.3 to 1.67 showed  tha t  the  a r c  of the e l l i p s e  s a t i s f a c t o r i l y  d e s c r i b e s  the 
b o u n d a r y  of the  j e t  on the  e x t e n t  of the whole  l eng th  of the f i r s t  " b a r r e l "  L ,  p a y i n g  a t t en t ion  to the  e x p e r i -  
m e n t a l  r e l a t i o n s h i p  o b t a i n e d  
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or  taking [6] into account 

L = 1.25x 0 

L 4 M~ 
G Ma + 1 

- -  FRO,39. 

M 

n = P/Po~ 

= Cp/C v 
9 
T 
da, r a  
X 

r 

Dmax,  r m a x  
Lmax  

A 
L 

P 

N O T A T I O N  

is the machine number ;  
is  the degree  of under -expans ion  
is the ra t io  of speci f ic  heats ;  
is the half  angle of the nozzle cone at exit  section; 
~s the absolute t e m p e r a t u r e  of the gas; 
is the d i am e t e r  and radius  of the nozzle on the exit  section; 
is the dis tance f rom the nozzle exit  plane; 
Is the radius  of the jet; 
a r e  the m ax i m um  d i am e t e r  and radius  of the f i r s t  "ba r r e l " ;  
is the dis tance f rom the nozzle exi t  plane to the max imum of the f i r s t  " b a r r e l "  angle of 
inclination of the flow on the exit  sect ion of the nozzle  re la t ive  to the d i rec t ion of the center  
line of the jet; 
is the p a r a m e t e r ;  
is the length of the f i r s t  " b a r r e l "  of the jet; 
is the p r e s s u r e .  

Subscripts 

a denotes the p a r a m e t e r s  of the gas in the exit  sect ion of the nozzle;  
denotes the sur rounding  medium.  

I~ 

2. 
3. 
4. 
5. 

6. 

7. 
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